We are interested in studying the Cauchy problem for a weakly coupled system of semi-linear σ-evolution equations with frictional damping. The main purpose of this paper is twofold. We would like to not only prove the global (in time) existence of small data energy solutions but also indicate the blow-up result for Sobolev solutions when σ is assumed to be any fractional number.
Introduction
In this paper, let us consider the following Cauchy problem for weakly coupled system of semilinear σ-evolution equations with frictional damping:
x P R n , t ě 0, up0, xq " u 0 pxq, u t p0, xq " u 1 pxq,
for any σ 1 , σ 2 ě 1 and for nonlinearities with powers p, q ą 1. We have in mind that the corresponding linear frictional damped σ-evolution equations of (1) with vanishing right-hand side are in the following form:
w tt`p´∆ q σ w`w t " 0, wp0, xq " w 0 pxq, w t p0, xq " w 1 pxq,
with σ " σ 1 or σ " σ 2 . One of the most typical important equations of (2) with σ " 1, wellknown as the classical damped wave equation, has widely studied in numerous papers (see, for instance, [5, 6, 7, 12, 13] and the references therein). By the aid of the damping term u t , the authors established decay estimates for solutions to the linear problem and applied these estimates to deal with the corresponding Cauchy problem for semi-linear equations with nonlinearity term |u| p or |u| p´1 u. Especially, related to nonlinearity term |u| p the global (in time) existence of energy solutions and a blow-up result were well-studied as well in the cited papers. After that, some previous results on the most well-known problem of a weakly coupled system (1) with σ 1 " σ 2 " 1, the so-called weakly coupled system of semi-linear classical damped wave equations, in the following form: # u tt´∆ u`u t " |v| p , v tt´∆ v`v t " |u| q , up0, xq " u 0 pxq, u t p0, xq " u 1 pxq, vp0, xq " v 0 pxq, v t p0, xq " v 1 pxq.
were explored in several papers (see [7, 8, 10] ). Concretely, Sun-Wang [10] and Narazaki [7] proved the global (in time) existence of small data energy solutions to (3) in low space dimensions n " 1, 2, 3, provided that the following condition for the exponents p, q is fulfilled:
Furthermore, if this condition is no longer true, then a result for nonexistence of global (in time) weak solutions to (3) was indicated in [7] and [10] . Afterwards, by using weighted energy estimates Nishihara-Wakasugi [8] extended these results for any space dimensions n ě 1 with the same above condition.
As a natural extension of the classical damped wave equations, Takeda [11] considered (2) when σ is integer, the so-called polyharmonic damped wave equation. He has found a critical condition to ensure the global esxistence of small data solutions to a semi-linear Cauchy problem with the nonlinearity |u| p in the space dimension n " 1. The limitation of the one-dimensional case is due to the technical difficulty. At present, the fact is that there seem not so many research papers concerning the study of (2) for any fractional number σ ě 1. Recently, Radu-Todorova-Yordanov [9] succeeded to derive some of sharp decay rates for solutions by proving a diffusion phenomenon in the following abstract setting:
where B is a nonnegative self-adjoint operator. To establish these results, the authors have estimated, on the one hand, the decay rate of the difference between solutions to (4) and those to the corresponding diffusion equation in terms of the flow e´t B of the operator B by decomposing solutions to (4) localized separately to low and high frequencies.
On the other hand, they applied the Nash inequality and Markov property for the parabolic semigroup to yield explicit and sharp decay estimates. Quite recently, the application of these estimates to the operators p´∆q σ for any σ ě 1 was investigated in the paper of Duong-Reissig [3] . The authors have discussed elementary results on the possible range of the admissible exponents in several of the corresponding semi-linear equations of (2) with the nonlinearity termˇˇ|D| a uˇˇp.
To the best of author's knowledge, concerning the weakly coupled system of semi-linear frictional damped σ-evolution equations (1) for any σ ě 1, it seems that we still do not obtain any previous research manuscript. For this reason, the first main goal of this paper is to prove the global (in time) existence of small data energy solutions to (1) for any σ 1 , σ 2 ě 1 by applying pL 1 X L 2 q´L 2 estimates and L 2´L2 estimates for solutions to (2) from the recent paper of Duong-Reissig [3] . To do this, allowing loss of decay combined with using the fractional Gagliardo-Nirenberg inequality plays an important role in the treatment of the corresponding semi-linear equations. Moreover, in the present paper we want to explain that how the flexible choice of the parameters σ 1 , σ 2 ě 1 influences our global (in time) existence results and the range of admissible exponents p, q as well. The fact is that taking into considerations the proof of blow-up results related to the fractional Laplacian operators p´∆q σ , it seems difficult to directly apply the standard test function method (see, for example, [7, 8, 10, 12, 13] ). Hence, our second main goal of this paper is to show a blow-up result to find the critical exponents by using a modified test function method (see more [2] ) when σ is assumed to be any fractional number.
1.1. Notations. Throughout this paper, we use the following notations.
‚ We write f À g when there exists a constant C ą 0 such that f ď Cg, and f « g when g À f À g. ‚ We denote p f pt, ξq :" F xÑξ`f pt, xq˘as the Fourier transform with respect to the space variable of a function f pt, xq. As usual, the spaces H a and 9
H a with a ě 0 stand for Bessel and Riesz potential spaces based on L 2 spaces. Here D a and |D| a denote the pseudo-differential operators with symbols ξ a and |ξ| a , respectively.
‚ For a given number s P R, we denote rss :" max k P Z : k ď s ( and rss`:" maxts, 0u
as its integer part and its positive part, respectively. ‚ We put x :" a 1`|x| 2 , the so-called Japanese bracket of x P R n .
‚ Finally, we introduce the spaces A σ :"`L 1 X H σ˘ˆ`L1 X L 2˘w ith the norm
where σ ě 1.
1.2.
Main results. At first, let us state the main results related to the global (in time) existence of small data energy solutions to (1) .
. Let us assume σ 1 ě σ 2 . We assume that the conditions are satisfied
Moreover, we suppose the following conditions:
and
Then, there exists a constant ε 0 ą 0 such that for any small datà
we have a uniquely determined global (in time) small data energy solution
o (1). The following estimates hold:
where εpp, σ 2 q :" 1´n 2σ 2 pp´1q`ε with a sufficiently small positive number ε.
Theorem 1.2 (σ 2 ě σ 1 ). Let us assume σ 2 ě σ 1 . We assume that the conditions are satisfied
Then, we have the same conclusions as in Theorem 1.1. But the estimates (10)-(15) are modified in the following way:
where εpq, σ 1 q :" 1´n 2σ 1 pq´1q`ε with a sufficiently small positive number ε. Here we can see that the different choice of the parameters σ 1 , σ 2 affects our admissible exponents p, q remarkably. Besides, taking account of the special case of parameters σ 1 " σ 2 ": σ we may observe that the conditions from (5) to (7) are the same as those from (16) to (18). Hence, it is reasonable to re-write the assumptions (8) and (9) Here we want to underline that we have derived the global (in time) existence of small data energy solutions to (1) in this paper. For the purpose of further considerations, we may expect to obtain several results concerning Sobolev solutions, energy solutions with a higher regularity or large regular solutions to (1) as we have proved in the paper [1] by applying some new tools from Harmonic Analysis such as the fractional Leibniz rule, the fractional chain rule, the fractional powers rule and the fractional Sobolev embedding.
Finally, the third result is concerned with the following blow-up result to indicate the sharpness of our exponents to (1). Theorem 1.3 (Blow-up). Let σ 1 " σ 2 ": σ ě 1 be a fractional number. We assume that we choose the initial data u 0 " v 0 " 0 and u 1 , v 1 P L 1 satisfying the following relations: ż
where ǫ 1 and ǫ 2 are suitable nonnegative constants. Moreover, we suppose the following condition:
Then, there is no global (in time) Sobolev solution pu, vq P C`r0, 8q, L 2˘ˆC`r 0, 8q, L 2˘t o (1).
We can see that if we choose σ 1 " σ 2 " σ in Theorems 1.1 and 1.2, then from Theorem 1.3 it follows that the exponents p, q given by 1`maxtp, qu pq´1 " n 2σ are really critical. Especially, by choosing σ 1 " σ 2 " 1 in Theorems 1.1, 1.2 and 1.3 we recognize that our obtained results are consistent with those in [7, 8, 10] .
The structure of this article is organized as follows: In Section 2, we collect pL 1 XL 2 q´L 2 estimates and L 2´L2 estimates for solutions to (2) from the recent paper of Duong-Reissig [3] , and give some necessary properties of the modified test function method as well. We present the proofs of our global (in time) existence results to (1) in Section 3. Finally, Section 4 is devoted to prove the blow-up result.
Preliminaries

Linear estimates.
Main goal of this section is to collect pL 1 X L 2 q´L 2 and L 2´L2 estimates for solutions and some of their derivatives to (2) from the recent paper of Duong-Reissig [3] . At first, applying partial Fourier transformation to (2) we derive the following Cauchy problem:
The characteristic roots are
The solutions to (29) are presented by the following formula (here we assume λ 1 ‰ λ 2 ):
that is, we may write the solutions to (2) in the form
From the cited paper we may conclude the following statements.
for all space dimensions n ě 1.
Remark 2.1. The statements in Propositions 2.1 are key tools to prove the global (in time) existence results for (1) in Section 3.
2.2.
A modified test function. In this section, we would like to present some auxiliary properties of the modified test function ψ " ψpxq :" x ´r for some r ą 0 from the recent paper of Dao-Reissig [2] which plays an essential role to prove our blow-up result in Section 4.
). Let γ ě 1 be a fractional number and s :" γ´rγs. Let r ą 0. Then, the following estimates hold for all x P R n :ˇp´∆
if r`2rγs ą n.
Lemma 2.2. Let γ ě 1 be a fractional number. Let ψ :" ψpxq " x ´r for some r ą n 2 . For any R ą 0, let ψ R be a function defined by
Then, p´∆q γ pψ R q satisfies the following scaling properties for all x P R n :
Proof. At first, a direct computation leads to the following formula:
After performing rγs steps of (30) and using induction argument, we arrive at the following formula:
Carrying out the change of variablesx :" R´1x we obtain p´∆q rγs ψ R pxq " R´2 rγs p´∆q rγs pψqpxq because rγs is an integer number. Employing the formula (31) we may re-write as follows:
Let us introduce the following auxiliary functions: Therefore, this completes our proof.
). Let s P R. Let ψ 1 " ψ 1 pxq P H s and ψ 2 " ψ 2 pxq P H´s. Then, the following relation holds: ż
Proof of global existence results
3.1. Proof of Theorem 1.1. First, we choose the data spaces pu 0 , u 1 q P A σ 1 and pv 0 , v 1 q P A σ 2 . We introduce the family tXptqu tą0 of the solution spaces
Xptq :"´C`r0, ts, H σ 1˘X C 1`r 0, ts, L 2˘¯ˆ´C`r 0, ts, H σ 2˘X C 1`r 0, ts, L 2˘¯ with the norm }pu, vq} Xptq :" sup 0ďτ ďt´f
f 1 pτ q " p1`τ q´n 4σ 1`ε pp,σ 2 q , f 2 pτ q " p1`τ q´n 4σ 1´1 2`ε pp,σ 2 q , f 3 pτ q " p1`τ q´n 4σ 1´1`ε pp,σ 2 q , (32) g 1 pτ q " p1`τ q´n 4σ 2 , g 2 pτ q " p1`τ q´n 4σ 2´1 2 , g 3 pτ q " p1`τ q´n 4σ 2´1 .
By recalling the fundamental solutions K 0,σ pt, xq and K 1,σ pt, xq as defined in Section 2, we write the solutions of the corresponding linear Cauchy problems with vanishing right-hand sides to (1) in the following form:
Since we are interested in dealing with the semi-linear models with constant coefficients in the linear part, we apply Duhamel's principle to obtain the following formal implicit representation of solutions to (1):
We define the following operator for all t ą 0:
N : Xptq ÝÑ Xptq N pu, vqpt, xq "`u ln pt, xq`u nl pt, xq, v ln pt, xq`v nl pt, xq˘.
We shall indicate that the operator N fulfills the following two inequalities: 
Then, we may conclude global (in time) existence results of small data solutions by applying Banach's fixed point theorem.
In the first step, from the statements in Proposition 2.1 and the definition of the norm in Xptq we get
For this reason, to prove (34) it is sufficient to show the following inequality:
Let us prove the inequality (36). In order to control u nl , we use the pL 1 X L 2 q´L 2 estimates from Proposition 2.1 to derive the following estimate:
Therefore, it is necessary to require the estimates for |vpτ, xq| p in L 1 and L 2 as follows:
Applying the fractional Gagliardo-Nirenberg inequality from Proposition 4.1 gives › › |vpτ,¨q| p › › L 1 À p1`τ q´n 2σ 2 pp´1q }pu, vq} p Xpτ q , (37) › › |vpτ,¨q| p › › L 2 À p1`τ q´n 2σ 2 pp´1 2 q }pu, vq} p Xpτ q ,
provided that the conditions from (5) to (7) are satisfied for p. From the both above estimates, we have
p1`t´τ q´n 4σ 1 dτ.
Here we used the relation p1`t´τ q « p1`tq if τ P r0, t{2s, and p1`τ q « p1`tq if τ P rt{2, ts.
Because of the condition p ď 1`2 σ 2 n in (9), it is clear that the term p1`τ q´n 2σ 2 pp´1q is not integrable. Consequently, we obtain
where ε is a sufficiently small positive number. Furthermore, we can see that n 4σ 1 ď 1 due to the condition n ď 4σ 2 in (7) and the assumption σ 1 ě σ 2 . Thus, it follows that p1`tq´n 2σ 2 pp´1q ż t t{2 p1`t´τ q´n 4σ 1 dτ À # p1`tq´n 2σ 2 pp´1q`1´n 4σ 1 if n ă 4σ 1 p1`tq´n 2σ 2 pp´1q`ε if n " 4σ 1 À p1`tq´n 4σ 1`ε pp,σ 2 q with a sufficiently small positive number ε. From the both above estimates, we may arrive at the following estimate: › › u nl pt,¨q › › L 2 À p1`tq´n 4σ 1`ε pp,σ 2 q }pu, vq} p Xptq . To deal with |D| σ 1 u nl , we use the pL 1 X L 2 q´L 2 estimates if τ P r0, t{2s and the L 2´L2 estimates if τ P rt{2, ts from Proposition 2.1 to get the following estimate:
Here we used again the estimates (37) and (38) combined with the relation (39). The first integral will be handled as we did to estimate u nl . As a result, we derive p1`tq´n 4σ 1´1 2 ż t{2 0 p1`τ q´n 2σ 2 pp´1q dτ À p1`tq´n 4σ 1´1 2`ε pp 1 ,σ 2 q .
For the second integral, we can proceed as follows:
p1`tq´n 2σ 2 pp´1 2 q ż t t{2 p1`t´τ q´1 2 dτ À p1`tq´n 2σ 2 pp´1 2 q`1 2 À p1`tq´n 4σ 1´1 2`ε pp,σ 2 q since σ 1 ě σ 2 . Therefore, we may conclude the following estimate:
Similar to the treatment of |D| σ 1 u nl , we also obtain › › u nl t pt,¨q › › L 2 À p1`tq´n 4σ 1´1`ε pp,σ 2 q }pu, vq} p Xptq . Analogously, we may arrive at the following estimates for j, k " 0, 1 with pj, kq ‰ p1, 1q:
where the conditions from (5) to (9) hold for q. From the definition of the norm in Xptq, we may conclude immediately the inequality (36).
In the second step, let us prove the inequality (35). Taking into consideration two elements pu, vq and pū,vq from Xptq we have N pu, vqpt, xq´N pū,vqpt, xq "`u nl pt, xq´ū nl pt, xq, v nl pt, xq´v nl pt, xq˘.
We use, on the one hand, the pL 1 X L 2 q´L 2 estimates from Proposition 2.1 for u nl´ūnl and v nl´vnl . On the other hand, for B j t |D| kσ 1`u nl´ūnl˘a nd B j t |D| kσ 2`v nl´vnl˘, with pj, kq " p0, 1q or p1, 0q, we apply pL 1 X L 2 q´L 2 estimates if τ P r0, t{2s and the L 2´L2 estimates if τ P rt{2, ts from Proposition 2.1. Hence, we derive the following estimates for pj, kq " p0, 1q or p1, 0q: By using analogous arguments as we proceeded to prove (36), we apply the fractional Gagliardo-Nirenberg inequality from Proposition 4.1 to the terms }vpτ,¨q´vpτ,¨q} L η 1 , }upτ,¨q´ūpτ,¨q} L η 2 , }vpτ,¨q} L η 1 , }vpτ,¨q} L η 1 , }upτ,¨q} L η 2 , }ūpτ,¨q} L η 2 , with η 1 " p or η 1 " 2p, and η 2 " q or η 2 " 2q to conclude the inequality (35). Summarizing, the proof of Theorem 1.1 is completed.
3.2.
Proof of Theorem 1.2. We follow the proof of Theorem 1.1 with minor modifications in the steps of our proof. We also introduce both spaces for the data and the solutions as in Theorem 1.1, where the weights (32) and (33) are modified in the following way: f 1 pτ q " p1`τ q´n 4σ 1 , f 2 pτ q " p1`τ q´n 4σ 1´1 2 , f 3 pτ q " p1`τ q´n 4σ 1´1 , g 1 pτ q " p1`τ q´n 4σ 2`ε pq,σ 1 q , g 2 pτ q " p1`τ q´n 4σ 2´1 2`ε pq,σ 1 q , g 3 pτ q " p1`τ q´n 4σ 2´1`ε pq,σ 1 q .
Then, repeating some steps of the proofs we did in Theorem 1.1 we may complete the proof of Theorem 1.2.
Proof of blow-up result
Our goal of this section is to find the critical exponents in our main results. The proof of blow-up result is based on a contradiction argument by using the test function method (see, for example, [8, 10] ). When σ is an integer number, we are going to apply standard test functions, i.e. test functions with compact support. However, it seems difficult to directly apply this strategy to the fractional Laplacian operators p´∆q σ as well-known non-local operators when σ is a fractional number. For this reason, the application of a modified test function method from Section 2 comes into play. We shall divide the proof of Theorem 1.3 into two cases as follows.
4.1.
The case that σ is integer.
Proof. At first, we introduce the test functions η " ηptq and ϕ " ϕpxq having the following properties:
for t ě 1, 2. ϕ P C 8 0 pR n q and ϕpxq " # 1 for |x| ď 1{2, 0 for |x| ě 1,
and ϕ´κ 1 κ pxq|∆ σ ϕpxq| κ 1 ď C for any |x| P " 1
with κ " p or κ " q, where κ 1 is the conjugate of κ and C is a suitable positive constant. In addition, we suppose that ϕ " ϕp|x|q is a radial function satisfying ϕp|x|q ď ϕp|y|q for any |x| ě |y|. Let R be a large parameter in r0, 8q. We define the following test function:
where η R ptq :" ηpR´2 σ tq and ϕ R pxq :" ϕpR´1xq. Now we define the functionals
Let us assume that pu, vq "`upt, xq, vpt, xq˘is a global (in time) Sobolev solution to (1) . After multiplying the first equation to (1) by φ R " φ R pt, xq, we carry out partial integration to obtain
Employing Hölder's inequality with 1 q`1 q 1 " 1 we can proceed as follows: ż
After performing change of variablest :" R´2 σ t andx :" R´1x, we derive ż
where we used the relation η 2 R ptq " R´4 σ η 2 ptq and the assumption (40). Analogously, we may arrive at the following estimates: ż
where we used the relations η 1 R ptq " R´2 σ η 1 ptq, p´∆q σ ϕ R pxq " R´2 σ p´∆q σ ϕpxq (since σ is an integer number), and the assumptions (40) and (41). Due to the assumption (27), there exists a sufficiently large constant R 0 ą 0 so that it holds ż
for any R ą R 0 . As a result, combining the estimates from (42) to (46) we have proved that
In the same way we may conclude
Therefore, from the both above estimates we get
Without loss of generality we can assume q ą p. It follows immediately that the assumption (28) is equivalent to n 2σ ď 1`q pq´1 , that is, γ 2 ď 0. For this reason, we shall split our consideration into two subcases.
In the subcritical case n 2σ ă 1`q pq´1 , i.e. γ 2 ă 0, passing R Ñ 8 in (48) we obtain
This implies u " 0, which is a contradiction to the assumption (27). Therefore, there is no global (in time) Sobolev solution to (1) in the subcritical case. Let us consider the critical case n 2σ " 1`q pq´1 , i.e. γ 2 " 0. From (48) there exists a positive constant C 0 such that
for a sufficiently large R. Thus, it follows that żQ
where we introduce the notations
we may repeat the steps of the proofs from (42) to (45) to conclude the following estimates:
Because γ 2 " 0, from the both above estimates and (46) we arrive at
By using (49) we let R Ñ 8 in (50) to derive
This is again a contradiction to the assumption (27), that is, there is no global (in time) Sobolev solution to (1) in the critical case. Hence, this completes our proof.
4.2.
The case that σ is fractional.
Proof. At first, we denote the constant θ :" σ´rσs. Since σ is a fractional number, it follows that θ P p0, 1q. We introduce, on the one hand, the function η " ηptq satisfying the same properties as in Section 4.1. On the other hand, we introduce the function ϕ " ϕp|x|q :" x ´n´2θ .
Let R be a large parameter in r0, 8q. We define the following test function:
where η R ptq :" ηpR´2 σ tq and ϕ R pxq :" ϕpR´1xq. We define the funtionals
and I R,t :"
Let us assume that pu, vq "`upt, xq, vpt, xq˘is a global (in time) Sobolev solution from C`r0, 8q, L 2˘Ĉ`r 0, 8q, L 2˘t o (1). After multiplying the first equation to (1) by φ R " φ R pt, xq, we perform partial integration to obtain
Applying Hölder's inequality with 1 q`1 q 1 " 1 we may deal with as follows:
By using the change of variablest :" R´2 σ t andx :" R´1x, we compute directly to give
Here we used η 2 R ptq " R´4 σ η 2 ptq and the assumption (40). In an analogous way, we may conclude the following estimate for I 3R :
Now let us focus our attention to estimate I 2R . In the first step, since ϕ R P H 2σ and u P C`r0, 8q, L 2˘, we apply Lemma 2.3 to derive the following relations: ż
Therefore, we get
Employing Hölder's inequality again as we did to estimate J 1 gives
In the second step, to control the above integral we shall apply results from Lemmas 2.1 and 2.2 as the key tools. In particular, carrying out the change of variablesx :" R´1x we get the following relation from Lemma 2.2:
For this reason, using the change of variablest :" R´2 σ t leads to
After employing Lemma 2.1, we deduce the following estimate: σ`n`2 σ q 1`p´2 σ`n`2 σ p 1 q 1
J pq´1 pq R À R´2 σ`n`2 σ p 1`p´2 σ`n`2 σ q 1 q 1 p ": R γ 2 .
Without loss of generality we can assume q ą p. We can see that the assumption (28) is equivalent to γ 2 ď 0. For this reason, we shall split our consideration into two subcases.
In the subcritical case n 2σ ă 1`q pq´1 , i.e. γ 2 ă 0, we pass R Ñ 8 in (59) to get
which follows u " 0. This is a contradiction to the assumption (27), that is, there is no global (in time) Sobolev solution to (1) in the subcritical case. Let us turn to the critical case 1`q pq´1 " n 2σ , i.e. γ 2 " 0. First, we introduce the following constants:
Then, repeating some arguments as we did in the subcritical case we may arrive at the following estimates:
As a result, we deduce that
It is clear that the estimate (60) follows J R ď C p 1 C 
where C 0 :"´C p 1 C 1 p q 1¯p q pq´1 is a positive constant, and
After plugging (62) into the left-hand side of (60), we compute straightforwardly to obtain
For any integer j ě 1, using an iteration argument gives
q`ppqq 2`¨¨¨`p pqq j " C ppqq j 0v
pqq j`1´p q pq´1
